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Introduction
As one of fruitful generalizations of metric spaces, G-metric spaces were introduced by Mustafa and Sims in [] . In several subsequent papers, these and other authors obtained many fixed point and common fixed point results, thus extending the known theory from the standard metric case. It should be noted that there exist two kinds of G-metric spaces, symmetric and asymmetric ones, and while it was immediately clear that in the symmetric case these results can be easily reduced to their metric counterparts, in the asymmetric case, new proofs usually had to be found.
The notion of a coupled fixed point for mappings with two variables was introduced in the articles [-] . After that, a great number of mathematicians worked in this field and obtained a lot of results in metric and various abstract metric spaces (see, e.g., [-] ). Coupled fixed points in G-metric spaces were investigated, e.g., in the papers [-].
Very recently, some new methods were presented for obtaining fixed point and coupled fixed point results. On the one hand, Jleli and Samet [] and Samet et al. [] showed that there is a very simple technique for reducing fixed point results in G-metric spaces, both in symmetric and in asymmetric cases, to their metric counterparts, avoiding complicated proofs from the known papers. On the other hand, in the papers [-], the authors presented another technique which reduces coupled fixed point results in metric and various abstract metric spaces to the results for mappings with one variable. This technique was used by Kadelburg et al. [] and afterwards by Agarwal and Karapinar [] to obtain coupled fixed point results in symmetric G-metric spaces.
By combining the mentioned techniques, we show in this paper that several coupled fixed point results in (ordered) G-metric spaces obtained in recent years and presented in  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2013/1/528 the papers [-] simply follow from the well-known standard (ordered) metric results for mappings with one variable. The technique can be applied in both symmetric and asymmetric cases. Moreover, we will show by an example that the results obtained in this way are usually stronger and can be applied in a greater number of cases.
Preliminaries
For more details on the following definitions and results concerning G-metric spaces, we refer the reader to [] .
Definition  Let X be a nonempty set, and let g : X  → R + be a function satisfying the following properties:
for all x, y, z, a ∈ X (rectangle inequality). Then the function g is called a G-metric on X and the pair (X , g) is called a G-metric space.
Definition  Let (X , g) be a G-metric space, and let {x n } be a sequence of points in X .
. A point x ∈ X is said to be the limit of a sequence {x n } if lim n,m→∞ g(x, x n , x m ) = , and one says that the sequence {x n } is g-convergent to x. . The sequence {x n } is said to be a G-Cauchy sequence if, for every ε > , there is a positive integer N such that g(
It was shown in [] that a G-metric induces a Hausdorff topology and that the convergence, as described in the above definition, is relative to this topology. The topology being Hausdorff, a sequence can converge to at most one point.
holds for all x, y ∈ X .
The following are some simple examples of G-metric spaces.
for all x, y, z ∈ X . Then it is clear that (X , g) is a symmetric G-metric space.
() Let X = {a, b}. Define and extend g to X  by using the symmetry in the variables. Then it is clear that (X , g) is an asymmetric G-metric space.
defines a standard metric on X . If the G-metric g is symmetric, this reduces to d g (x, y) = g(x, x, y). This simple fact implies that most of the fixed point results in symmetric G-metric spaces can be easily reduced to their metric counterparts. In the asymmetric case, another approach is needed.
. f is said to have the h-mixed monotone property if the following two conditions are satisfied:
If h = i X (the identity map), we say that f has the mixed monotone property. . A point (x, y) ∈ X × X is said to be a coupled coincidence point of f and h if f (x, y) = hx and f (y, x) = hy, and their common coupled fixed point if f (x, y) = hx = x and f (y, x) = hy = y.
. The mappings f and h are called
If X is a nonempty set, then the triple (X , g, ) is called an ordered G-metric space if:
) is a G-metric space, and (ii) (X , ) is a partially ordered set.
Main results
We will use the following simple lemma for obtaining our results.
and mappings D g :
and a mapping f : X  → X has the h-mixed monotone
property, then the mapping F :
HX HU ⇒ FX FU,
where H :
Proof We will only check the second part of assertion (a); the proofs of all other parts are straightforward.
It was stated already in
define standard metrics on X , and that topologies thus generated are the same as the topology of (X , g). In particular, the completeness is satisfied simultaneously. On the other hand, it is well known that for each (standard) metric space (X , d), the mappings
 are metrics on X  , also preserving the completeness property. Combining these two facts, we obtain that the mappings
satisfy all the stated properties.
Remark  If the given G-metric space (X , g) is symmetric, then, using the construction given in [, Lemma .] and afterwards in [, Sections  and ], we can obtain the previous result in a slightly different way. Namely, in this case, one can consider the G-metric G on X  given by
and then associate the metrics
It is easy to see that, in fact, d G ≡ D g and δ G ≡ g . However, this approach cannot be used in the asymmetric case, since in this case, (.) does not define a G-metric on X  (see [, Section ] and, further, Example ).
Now we are ready to state some of our main results. We start, as a sample, with the following theorem.
Theorem  Let (X , g, ) be a complete partially ordered G-metric space, and let f : 
Moreover, it follows from (.) that there exists λ ∈ [, ) such that
holds for all X, S ∈ X  such that HX HS or HX HS. Now, all the conditions of a special case of [, Theorem .] are fulfilled and it follows that the mappings F and H have a coincidence point X = (x, y) ∈ X  which is, obviously, a coupled coincidence point of f and h. The last assertion also follows easily.
Corollary  Let (X , g, ) be a complete partially ordered G-metric space, and let f : Proof We have only to prove that condition (.) implies condition (.). Indeed, putting u = x and v = y in (.), we get that
≤ λ g(hx, hx, hs) + g(hy, hy, ht) , and putting u = s and v = t, we get g f (x, y), f (s, t), f (s, t) + g f (y, x), f (t, s), f (t, s) ≤ λ g(hx, hs, hs) + g(hy, ht, ht) .
Adding up, and taking into account the definitions of mappings F and H as well as the definition of metric D g , we obtain condition (.) (i.e., condition (.)).
In an even easier way, one can obtain the following versions of the previous results in the space without order. In this case, the given technique reduces the problem simply to the Banach contraction principle. Let h : X → X be given as hx = x, and let f : X  → X be defined by
Theorem  Let (X , g) be a complete G-metric space, and let f : X  → X and h : X → X be mappings such that f (X  ) ⊆ h(X ) and h(X ) is closed. Suppose also that there exists λ ∈ [, ) such that condition (.) holds for all x, y, s, t ∈ X . If h is continuous, then the mappings f and h have a coupled coincidence point. Moreover, if f and h are w-compatible, then f and h have a common coupled fixed point.

Corollary  Let
We will show first that f and h satisfy neither the condition
hx, hu, hs) + g(hy, hv, ht)
for any λ ∈ [, ) (which is condition (.) from []) nor (weaker) condition (.). Indeed, take, e.g., x = u = s = y =  and v = t =  and condition (.) becomes
which is a contradiction for any λ ∈ [, ). Hence, neither [, Theorem .] nor Corollary  can be used to conclude that f and h have a coupled coincidence point (i.e., that f has a coupled fixed point).
In order to show that f and h satisfy the conditions of Theorem , we first note that
. By a careful calculation (there are  nontrivial cases) it can be checked that condition (.) (i.e., condition (.)) is satisfied for all X, S ∈ X  .
Hence, Theorem  can be applied to conclude that f has a coupled fixed point (which is (, )).
We note also that the approach from the papers [, ] cannot be used in this example since
does not define a G-metric on X  . Indeed, e.g.,
although (, ) = (, ), and the property (G) of G-metrics is not satisfied.
For the sake of simplicity, we shall consider in the rest of the paper 'unordered' versions of coupled fixed point results. 'Ordered' versions can be formulated and proved using usual variations.
The proof of our next result uses the metric g .
Theorem  Let (X , g) be a complete G-metric space, and let f : X  → X . Suppose that there exists λ ∈ [, ) such that for all x, u, s, y, v, t ∈ X the following inequality holds:
Then f has a unique coupled fixed point in X  and it is of the form (x, x) for some x ∈ X .
Proof Consider the complete metric space (X  , g ) and the mapping F :
in Lemma . Putting u = x and v = y in (.), one gets
interchanging the places of x and y, as well as of s and t, this gives Putting now u = s and v = t in (.), one gets
interchanging the places of x and y, as well as of s and t, this gives
Taking into account the definition of metric g in Lemma , it follows from the last four inequalities that
holds for all X, S ∈ X  . By a well-known result from the theory of standard metric spaces (see, e.g., [] ), it follows that there exists a unique point X = (x, y) ∈ X  such that FX = X.
Obviously, (x, y) is a coupled fixed point of the mapping f . Since the coupled fixed point is unique, it must be of the form (x, x) for some x ∈ X .
When considering situations where contractive conditions are of 'weak' kind, or they use the so-called comparison functions, a variation of the previous approach is needed. One possibility is to use quasi-metrics. Recall that a pair (X , d) is called a quasi-metric space if the mapping d has all the properties of a metric except, possibly, the symmetry d(x, y) = d(y, x). For some properties of quasi-metric spaces, we refer to [] . In particular, the following fixed point result was proved in that paper. Remark  An additional nondecreasing function ψ could be added in (.) to become
However, it was shown in [] that it is redundant, hence we will not use it here.
Obviously, if (X , g) is a G-metric space, then
defines a quasi-metric on X . Moreover, for X, U ∈ X  . Hence, Theorem  can be applied to conclude that F has a unique fixed point, which is then a coupled fixed point of f .
Another possibility is to impose an additional condition on the function ϕ, or on the comparison function . This is illustrated in the next result. On the other hand, putting u = s and v = t in (.), we get g f (x, y), f (s, t), f (s, t) ≤ g(x, s, s) + g(y, t, t)  ;
interchanging places of x and y, as well as s and t, we obtain g f (y, x), f (t, s), f (t, s) ≤ g(x, s, s) + g(y, t, t)  .
